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ABSTRACT

This paper is devoted to the problem of the design
procedure automation for nonlinear control systems on
the basis of symbolic computations and such well-known
technique as exact linearization via nonlinear feedback.
Developed software realizes the synthesis of control laws

INTRODUCTION

IMPORTANT features of large-scale systems are
high dimension, nonlinearity, and often uncertainty. To
overcome the difficulties of large-scale systems research,
the decomposition methods and appropriate computer
software as effective tools are traditionally used. The
notion “decomposition” can be considered, on one hand,
as a procedure of splitting the large system into subsys-
tems of lower dimensions. On other hand, decomposition
can be desired result of control system design when sub-
systems dynamics are independent and demonstrate pre-
scribed behavior.

A number of modern methods which are used to
solve the problem of control systems synthesis exploit an
idea of linearization. Among them the exact linearization
of the controlled object dynamics via nonlinear feedback
seems to be one of the most popular techniques. This
approach, comprehensively given by A. Isidori, H. Ni-
jmeijer and A. van der Schaft and other researchers, last
two decades was extended and applied to adaptive con-
trol, variable structure control etc [1]-[4]. The main ad-
vantages of the nonlinear feedback linearization (NFL)
method consist in its strong formalization and possibility
to make decomposing of large system, to decouple con-
trolled subsystems and to provide them reference (as a
rule, linear) transient dynamics. Unfortunately, when the
dimensions of state, control, and output vectors are large,
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in symbolic form that is convenient for further analysis,
modeling, and practical implementation of the system.
Examples of the software applications to induction motor
and robot manipulator are given and discussed.

the control system designer faces huge difficulties asso-
ciated with complicated computations.

To deal with such systems, modern software for sym-
bolic calculations can be applied. Moreover, as it will be
demonstrated, the single procedure of the full system
synthesis based on the NFL approach can be often im-
plemented.

The aim of this paper is to develop the software for
control law design and full control system modeling with
usage of NFL method and symbolic computations.

The paper is organized as follows. In Section II a
necessary background on NFL method is given. Section
IIT briefly describes main features of algorithms and pro-
gram realization of symbolic synthesis according to the
NFL method. In Section IV the mathematical models of
such dynamical objects as induction motor, robot ma-
nipulator, and underwater vehicle are presented. In order
to demonstrate the effectiveness of approach to symbolic
synthesis, developed software was applied to design the
control systems for them. Results of computer synthesis
are derived as symbolic expressions describing nonlinear
control laws. Examples of system processes are shown.
Section V contains discussion and final comments and
touches possible directions of future development of the
approach.
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THE METHOD OF NONLINEAR FEEDBACK LINEARIZATION. BRIEF BACKGROUND

To begin with, we briefly review necessary concepts
of feedback linearization, following [1]. The mathemati-
cal model of dynamical control object is supposed to be
described by the equations followed:

x= [0+ g )
Yy ="h(x)
where

x=(x,.x,)
u=u,.u,),

y=pd)

are the state, control, and output vectors, respectively.
According to the method of feedback linearization
[1], the control should be formed as follows

u=A"(x)(w=I'(x)). )

The decomposition matrix A(x)and vector ['(x)are
calculated by formulas
L, L7 h(x)

L, L hy(x)

L, L7l (x)
-1
L, L ()| (3

L, Ly h, (x) L, Ly"h,(x)

L?'hl (x)
roy=| R )

Lih, (x)

where 7 =(r,..r,)" the relative degree vector,

w=(w,,...w, )" the new control input.

By the definition, the derivative
h,(x) along vector f'(x) is the following

oh, (x)
ox

of function

= f@ 5)

i

thj(x)zi

The feedback control (2) transforms a nonlinear sys-
tem (1) into m decoupled chains of 7, cascade-connected

integrators and, as consequence, the input-output behav-
ior of the system satisfies the linear equations

yi(n) =w,. (6)

Obviously, the choice of the new control in the form

()

(1)
W=y, tke,

1

+...+kr‘e,., (7)

where y,(¢)is the desirable trajectory of the system
and error e(t)=y,(t)—y(t), provides asymptotically

stable tracking.
If the equality # +...+ 7, =n takes place, the system
is full-state linearizable, otherwise, it has unobservable

subsystem with its own dynamics, or zero dynamics (for
more details see [1], [2]).

COMPUTER SYMBOLIC DESIGN OF CONTROL LAWS

In the case when one needs to design the control sys-
tem for the nonlinear dynamical object of relatively low
dimension, the usage of the formulas (2)-(7) is rather
simple. But with increasing of dimension which charac-
terizes large-scale systems, number of inputs and outputs,
the computational complexity soon arises.

Meanwhile, for research purposes, it is symbolic form
of control that is most valuable and preferable. Naturally,
symbolic expressions of control laws are convenient for
further analysis, modeling, and practical realization.

Complicated work on deriving the control expressed
in symbolic form and based, in particular, on the NFL
method can be essentially facilitated by means of modern

software systems such as Maple, MATEMATICA,
MATLAB, MATHCAD etc. They have built-in functions
for symbolic differentiation, vector and matrix opera-
tions, and many others.

In this research the computer program for the NFL-
based symbolic synthesis and modeling of nonlinear con-
trol system was developed in the environment of Maple
and MATLAB. Principal modules of the software are
following:

e The description of variables (vectors of state, control
and output);
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The description of the desirable system trajec-
tory y,(£);

The input of dynamical object model in symbolic
form;

The deriving of expressions for function f(x)and
matrix g(x);

The determination of relative degree vector;

The input of coefficients which determine desirable
transients;

The symbolic calculations of decomposition matrix
A(x)and vector I'(x);

The generation of symbolic expressions for control

u and new control w ;

The forming of full closed-loop control system model
by substitution of generated control laws into object
model;

The input of control object parameters;
Control system modeling.

The user of developed program just input a descrip-
tion of control object in symbolic form and necessary
parameters which computer demands. The program, in its
turn, generates control laws that provide (at least, partial
[1]) decomposition and reference dynamics fot subsys-
tems. If one needs, the program simulates the designed
control system and presents the processes in it.

EXAMPLES OF SYMBOLIC CONTROL SYNTHESIS AND SYSTEM MODELLING

To demonstrate the effectiveness of the approach and
developed software, consider the examples of symbolic
control synthesis and simulations for two dynamical ob-
jects. These are induction motor and robot manipulator.

Induction motor
The model of induction motor can be written as fol-
lowing equations [5]:

(i) =—ad+po&d+al I

i=(XB¢—pB(D§¢—’YI+U/G’ (®)
o=pl Ep—T, /]
=0

where @, @ are the rotor angular position and veloc-
. T N
ity; ¢ = (¢a’¢b) = (la,lb) are the rotor flux
and the stator current vectors; {J = (ua’u b)Tthe con-

trol input voltage; TL the load torque;
a=R /L, p=L, /IcL,),

‘= 0 -1 IAR. R,
1 0)" T T

r

LZ
G=L‘—7m _3me.
s L H=—"—
r 2JL

s
R ,R the stator and rotor resistance; L ,L ,L the
rotor, stator and mutual inductances; p the number of

pole pairs.
The output and desirable trajectory of the system are
chosen as following

_{ ) } _{cl sin(c, +vt)}
Y] ¢

The results of the computer-based symbolic control

synthesis are obtained (given in the Maple format), par-
ticularly,

U, =2*Rr*(-x2*Lm"2*Rr*Fbi-x1*Lm"2*Rr*Fai-
2*¥x2*Rr*Lm"3*x4-2*Rr*x2"2*Ls*Lr-
2*Rr*x 1" 2*Ls*Lr+x2*Lm*x4*Rs*Lr"2+Lm"3*x4*p*x
5*x1*Lr+x1*Lm*x3*Rs*Lr"2-Lm"2*x4"2*Rr*Ls*Lr-
Lm*x4*p*x5*x 1 ¥*Lr"2*Ls+3*x2*Rr*Lm*x4*Ls*Lr+2*
Rr*x2/2*Lm"2-Lm"3*x3*p*x5*x2*Lr-
Lm"2*x3"2*Rr*Ls*Lr+3*x 1 *Rr*Lm*x3*Ls*Lr-
2¥x I*Rr*Lm"3*x3+Lm*x3*p*x5*x2*Lr"2*Ls+2*Rr*x
1"2*Lm"2+Lm"4*x4"2*Rr+Lm"4*x3"2*Rr)/Lr"2/(-
Ls*Lr+Lm"2);

U, = 1/6¥(4*Rr*x1*w2*J*Lr"3*Ls-
A*Rr¥*x 1 ¥*w2*J*Lr " 2*Lm"2+6*Rr"2*x1"2*Lm*p*x4*L
S*¥Lr+6*Rr*x 1" 2*Lm*p2*x3*x5*Lr"2*Ls-
6*Rr*x1"2*Lm 3 *p 2 *x3*x S*Lr+6*Rr*x1*Lm"2*p"2
*x2M2*¥Lr*x5-
6*Rr " 2*x1"2*Lm"2*p*Fbi+6*Rr*x13*Lm"2*p"2*Lr*
x5+6*Rr*x1"2*Lm*p*x4*Rs*Lr"2+18*x2/2*p*Rr"2*L
m*x4*Ls*Lr+3*x2*p*w1*Lr"3*Ls-
3*x2*p*wl*Lr"2*Lm”2+12*x2*p*Rr"2*x1"2*Lm"2+6
*x2*¥p*Lm"4*x3"2*Rr"2+6*x2*p*Lm"4*x4"2*Rr"2+6
*x2"2*¥p*Rr*Lm*x4*Rs*L1"2+6*x2/"2*p 2 *Rr*Lm*x3
*XS*¥Lr 2*Ls-6*x2/"2*p 2 *Rr*Lm"3*x3*x5*Lr-
6*x2*p*Lm"2*x4"2*Rr"2*Ls*Lr-
6*x2*p*Lm"2*x3"2*Rr"2*Ls*Lr-
6*x2"2*p*Rr " 2*Lm"2*Fbi+12*x2*p*x 1 *Rr"2*Lm*x3*
Ls*Lr-12*x2*p*Rr"2*x1/2*Ls*Lr-
12*x2*p*x 1 *Rr"2*Lm"3*x3-12*x2"3*p*Rr"2*Ls*Lr-
12*¥x2/2*p*Rr " 2*Lm"3*x4+12*x2"3*p*Rr"2*Lm"2)/p/
Lr"2/Lm/Rr/(x1/2+x2/2);

w, =(C2x1"2-x272)*kil 1+(-2*x1*(-Rr*x1-
p*x5*x2*Lr+Rr*Lm*x3)/Lr-2*x2*(-
Rr*x2+p*x5*x1*Lr+Rr*Lm*x4)/Lr)*kil 2;
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w, = (Cl*sin(v*t)-x5)*ki2 1+(C1*cos(v¥t)*v-1/2*(-
3*Lm*p*x3*x2+3*Lm*p*x4*x1-2*T1*Lr)/J/Lr)*ki22-
Cl*sin(v¥t)*v/ 2.

In the given formulas the following variables are

a: X1=0,,x2=¢,,x3=1,,

x4=1,x5=0,x6=0
After deriving the symbolic expressions for controls,
the program substitutes them into the object model and
simulates the whole system. Some processes are shown
on Fig.1. — Fig.3.
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Fig. 1  The desired reference and real angular ve-
locities.
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Fig.2  The rotor flux square modulus output and

reference.
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Fig.3  Control input voltage vector

As seen, synthesized control input is bounded and
provides asymptotically stable tracking of reference tra-

jectory y,(¢).

The Robot Manipulator

Next example of dynamical object to which we will
apply the developed software is the robot manipulator
UMS-2 [6]. Its dynamics are described by the equation

D(9)q +B(q,9)q9+G(q) = U,

where U € R*, g € R® are the control the general-

ized coordinates vectors. The matrices are determined as
follows

Il+Iz+I3+m3(q3+l3)2 0 0
D(q) = 0 m,+m; 0
0 0 m,
2m;(q; +1;)q; 0 m,(q; +15)q,
B(q,q) = 0 0 0
-m,(q; +1;,)q, 0 0

G(@)=[0 (m,+m,)g 0]

The order of the system is n=6, the number of inputs
is m=3. The variables are redefined as

X=X, =9 X3 =), Xy =y, X5 =3, X6 =3

Undefined parameters are supposed to be constant.
The outputs of the system are the coordinates of the
manipulator grasp in task space

h, = (x; +1;)sin(x,),

h, =(x; +1;)cos(x,),

h, =x,

Desired trajectory y,(f)is chosen to provide the
movement of the grasp along the spatial circle

Ya = Rsin(at),

Ya2 =€

Y43 =€, —Rcos(at)

The program generates the following symbolic ex-
pressions for control
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2 ) 1 12 .
W m,X; cosX, +(2myXl; +myly)(w, cosx, —w, sinx; ) N

X5+
N (W, cosx,; —2X,X, — W, sinx; )l
X+
U= (m, +m,)(w; +G)
2 2
m,(X; + W,X; COSX; +W,l, cosX,; +2x,X;l4 N

X5 +1;

212 2.2 . 1 .
L Xoly +3Ks +Xsw sinx, +Lw, sinx,)

X5+

[ (Rsinat—(x; +1;)sinx, )k, , +(Rocosot —x, sinx, — |
— (%, +1)x, cosx, )k,, —Rat’ sinat

w=|(c, —(x;s +1;)cosx, )k, +((x; +1,)x, sinx, —x, cosx, )k,,

(c, —Rcosot —x, )k;, +(Rasinat —x, )ks, +Ra’ cosat

i |

Fig.4 - Fig.7 show the transient processes obtained in
the simulation of the whole control system.

m,rad,m/sec,rad/sec

The evolution of the state vector components

DISCUSSION AND FINAL COMMENTS

The software developed in this work can effectively
support the procedure of control system design in sym-
bolic form. Clearly, the bigger the dimension of the ob-
ject model is, the longer and more complicated symbolic
expressions will be obtained. For example, one can ex-
pect that the program will generate very large expres-
sions describing the control laws for different flexible
structures, such as given, for instance, in [8], when dy-
namics are approximated by a finite multi-dimensional
model. The software helps to designer to solve the prob-
lem of the synthesis of nonlinear control systems and to

n/m

Fig. 7  First output, reference and error

To save a space in the paper, only first output, refer-
ence and error is given (Fig.7). The simulations confirm
that the derived control forces the tracking errors to tend
asymptotically to zero.

simulate them easily. Practical implementation of derived
control laws in regulators is also facilitated, because the
control is expressed in explicit form and can be directly
used in appropriate hardware or software.

Derived control laws can be of particular interest.
Their symbolic presentation makes possible further
analysis, optimization, simplification etc. If designer uses
full nonlinear model of the dynamical object, evidently,
the regulator of the system will be more complex than in
the case of simplified model. The computer program pre-
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sented here lets to designer fast to compare different
regulators and to choose the perspective one.

The NFL has been taken as example to show the ef-
fectiveness of the symbolic computations. Nevertheless,
other well-formalized methodologies can be considered.
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